At present, the vast majority of known image models are varieties of random fields defined on rectangular flat grids or grids of higher dimension. In some practical situations, images have a circular or radial-circular structure. For example, an image of a facies (a thin film of dried biological fluid), an eye, a biological cell, a flower, a slice of a tree trunk, etc. This circumstance requires the development of appropriate models of random fields describing images of this type. This paper proposes autoregressive models of homogeneous and inhomogeneous random fields defined on a circular spiral. The problem of correlation analysis of such models is considered. Examples of imitation of circular images are given. This paper proposes linear autoregressive models of homogeneous and inhomogeneous random fields defined on a circle. The samples of these fields are defined on a circular or spiral grid. The next field value is a linear combination of several previous values and a standard random variable. Expressions of the correlation function of these fields are given depending on the values of the autoregression parameters. A graphic representation of the correlation function on a circle and examples of simulated images are presented in the figures.
Introduction
Various models of random fields are used as mathematical models of images. However, in most wellknown models, the fields are defined on rectangular grids or grids of higher dimension. To represent images of a particular class, one has to select an appropriate model of a random field, for example, fields with a given type of covariance function (CF) or normalized CF. For this task of correlation synthesis, autoregressive, wave, Gibbs, polynomial, morphological, and other models can be applied [1] [2] [3] [4] [5] [6] . In [7] [8] [9] [10] [11] , models of images defined on curved surfaces are given. These models served as the basis for creating image processing algorithms, for example, [1, 2, 4, [11] [12] [13] . Much attention is paid to medical images processing, for example, [14] [15] [16] [17] [18] [19] .
In some practical situations, the processed images have a radial, circular or radial-circular structure. For example, images of the biological fluid, eye, biological cell, flower, the slice of a tree trunk and a map of Moscow shown in figure 1. In addition, radar, ultrasound and other images are physically obtained in polar or spherical coordinates. These circumstances require their consideration in random field models. This paper proposes autoregressive models of random fields defined on a circle.
Models of random fields on a cylinder
We first consider the autoregressive model of a random field on a cylinder. It will be the basis for circular fields. In [9] , the following model was used to represent images on a cylindrical grid similar to Habibi autoregression model [11] of a flat image:
where k is a spiral turn number; l is a node number 0,...,
when T l ≥ ; T is the period, i.e. the number of points in one turn; l k , ξ are independent standard random variables. For the convenience of analyzing this model, we will assume that the pixels are numbered and located on a cylindrical spiral (figure 2 (a)). Then model (1) can be represented in an equivalent form as a model of a random process, which is a scan of the image along the spiral:
(2) where n kT l = + . The characteristic equation of model (2) is 0
is expressed as follows
where integration is carried out along a unit complex circle. Using residues, we obtain
In particular, when kT n = we obtain
− − − and the variance, when k=0:
To reduce the calculations, it is possible to calculate only V(0), V(1),..., V(T) by formula (3), and for the rest of values use recurrent formula This CF decreases with increasing distance n, but at distances divisible by period T, it is high (figure 2 (b)). Figure 2 (c) shows an example of a cylindrical image cut lengthwise and unfolded, simulated using model (1) . Note that the described model is only the simplest case. By introducing additional terms into equation (1), one can obtain random fields with more complex CF.
Models of random fields on a circle
is convenient for circular images representation. To do this, we will consider the turns of the cylindrical spiral of model (1) as turns of a circle grid ( figure 3 (a) ). In other words, index k is converted into a polar radius, and index l into a polar angle. Thus, the value l k x , in the pixel ( ) , k l of the cylindrical image is converted to the same value in the pixel )
of the circular image. When using model (1) , it is also convenient to use a spiral grid ( figure 3(b) , similar to the cylindrical spiral in figure 2 (a). Note that this representation in the form of a spiral is made conditionally to facilitate analysis. In the image, a sequence of turns of a conditional spiral is a sequence of expanding circles.
The parameters a and b of model (3) set the degree of correlation in the radial and circular direction. When a b < , the image will have a higher correlation in the radial directions. In figure 4 (a) , the simulated image is shown at 0.95 a = and 0.99 b =
. When a b > , the image will have a higher correlation in the circular direction. Figure 4 The CF of the circular images is (3), since they are determined by model (2) . But this CF is for linear pixel numbering. Therefore, the resulting image is homogeneous only for this numbering. If we consider the Euclidean distance, the image correlation weakens with distance from the center. And this is quite consistent with the specifics of the radial-ring images. Let us consider the CF view of the circular image. The circular image in this model is actually a geometric transformation of a cylindrical one, so its CF can be obtained from the CF of a cylindrical image ( figure 5(a) shows the values of CF relative to the central pixel of this figure. The lighter areas correspond to larger values. The isocovariation lines ( , ) const V m n = are shown in black. It is natural that these lines are circles. Figure 5(b) shows the values of CF and its isolines relative to the pixel in the middle of a radius (maximum brightness). Isolines at short distances are close to rhombuses, which is the typical property of Habibi model.
Note that by applying more complex types of autoregression, it is possible to obtain circular images with very different properties (that is, with covariance functions other than (3) types). 
Doubly stochastic models of inhomogeneous random fields on a circle
In [10] , doubly stochastic models were used to represent inhomogeneous images with random inhomogeneities. In these models, some random field sets the parameters of the resulting random field. The same method can be used to represent inhomogeneous circular images. Let (4) Figure 6 shows an example of such a simulation with 005 . 0 , 999 . 0
and the control image of a predominantly radial structure.
In the described model, two images are unequal: one controls the parameters of the other. In [10] , a model of autoregressive images defined on a cylinder was proposed, jointly controlling the parameters of each other. Let's apply this approach to circular images. Let image Y determine the parameters for (4) . At the same time, image X sets the parameters for the next element of the image Y in the same way. As a result, these two images together control the parameters of each other. Figure 7 shows an example of such images. Significant correlation of images is noticeable, which is a consequence of the mutual influence on the autoregressive parameters of their models. 
Conclusions
In this paper, autoregressive models of random fields on a circle are proposed, which allow describing and simulating circular images of a radially circular structure. The covariance function expressions are given. For the representation of inhomogeneous images, doubly stochastic models with random inhomogeneities are applied. The choice of parameters of these models allows us to represent a wide class of such images. Examples of the application of the described models to simulate circular images are given.
